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Context

Given T, T two distributions on R, find a transport between them:

> static: realized by any random variable with prescribed marginal distributions;

> dynamic: realized by any stochastic process with prescribed initial and terminal
distributions;

> optimal in some sense;

> assume samples from I and T are available.
Applications:

> generative modeling;

> domain transfer.



Some Notation

Pp: probability measures (PM)s over RY*",

Pe: PMs over C([0, T], RY).

Po(I, T): PMs with marginal distributions I', T; Po(T", T) € P».

Pe(T, T): PMs with initial-terminal distributions I, T; Pe (I, T) € Pe.
t,: marginalizationof P€ Pcat ty, ..., t5.

.....

Pelt,,...,t,: conditioning of P € Pc givenvaluesat y, ..., t,.
pinstead of P to denote its (Lebesgue) density.

Q=VPq4,..,t, mixingof P € PcviaV € P,attimes ty,..., t, Q€ Pe.



Schroédinger Bridge Problems

Dynamic Schrodinger bridge problem (Sqyn), reference R € Pe:

S*(T,T,R,Pc) = argmin Dy (S| R).
SePe(T,T)

Static Schrodinger bridge problem (Sgta ), reference B € Pa:

S*(T, T, B,P2) = argmin Dy, (C|| B).
CeP(l,T)

Half bridge problems, reference Q € P:
S*(T, -, Q P) = argmin Dy . (H ]| Q),
HeP(T,-)

S*(-, T, Q,P):= argmin Dk (H] Q).
HeP(-,T)



Partial Solutions

(Ssta) - (den) S* (rl TI RI PC) = S* (I_I TI RO,TI PZ)R.lo,T
(Sayn) = (Ssta): S*(I, T, R, P2) = S(’)"IT(F, T, R, Pc).
Half bridge solutions: S*(T, -, Q, P) = Qsjo and S*(+, T, Q, P) = T Qa7



Reference SDE

R solution to
dXt = IJR(Xt, t)dt + oR(t)th, te [O, T],

Xo~T.
Rejo,7is a (O, xo, T, x7) diffusion bridge, solves

dX¢ = br(Xs, t)dt +0op(t)dW;, t€]0, T,
br(x, t) = Ur(x, t) + L r(t) Vi log rrj¢(xz|x),
Xo = Xo,



IPF Algorithm

FO = R=S*(T, -, R, Pc), F) = $*(-, T, F), Pe), FA = s*(I, -, F, Pe), ...

Algorithm IPF
Input: T, T, Rejo, N
Output: {F(”)}/’?:1
FO) —TRao
fori=1,...,ndo
if i is even then

F() — rF.(|I<;1) > forward |IPF
else }

F() — TF.({:U > backward IPF
end if

end for




Diffusion Time Reversal

Let X ~ P be the diffusion associated to

dXt = [J(Xt, t)dt + oR(t)th, te [O, T],
Xo ~ Po.

Under suitable conditions, the time reversed process Yt = Xt ~ Pisstilla

diffusion process, associated to

dX;=u(Xy, t)dt + or(r)dW;, te€]0, T],
U(x, t) :==—u(x, t) + Zr(tr) Vi log pc(x),
yO ~ PTI

where t := T— t (Anderson, 1982).



Diffusion IPF

Introduced in Bortoli et al. (2021); Vargas et al. (2021).

Define backward F() on reverse timescale = each F() = {T, 'T‘}I?Eil:).
All FD and F are diffusions.

(i—1

For each i > 1, generate samples from F ) (i.e. from F(=N) to infer the drift of F()



Simulation-Inference Mismatch




Score-based Generative Modeling

See Ho et al. (2020); Song et al. (2021), and too many others...

Employs ergodic (or vanishing SNR) X ~ R = F(0).
Scalable score-matching (Hyvarinen, 2005; Vincent, 2011) to infer X ~ f(o):

Vi | ryo(x|xo)ro(xo)(dx rio(x|xo) ro(x
Vy log ri(x) = f o€ lrtc()))()O( 0)(do) _fvxlogrt|o(xlxo) of lrté):)O( O)(dXO)

= [E[VX‘ log rejo (Xt Xo)| Xt = x].

Almost same as F() in diffusion IPF, for a trivial SB problem.



Diffusion Mixture Matching

Let X* ~ P be a family of diffusions indexed by A € A, associated to
A A A A A
dX? = U (X7, t)dt+ 07 (t)dw;, te€]0, 1],
A A
X$ ~ Py
Fora mixing PM W on A, let I € P be obtained by taking the W-mixture of P* over
A € A. Under suitable conditions, X ~ P, with Xo ~ g associated to

dXt:lJ(Xt, t)dt+0(t)th, te [O, T],
LKX:UZZ‘fLﬂ(X'UQKA)dA'

o(t) = f oM () w(A)dA,

A
satisfies Py = I, where w(A) == % and T == fp?‘(x)(p()\)d)\.



DBM Transporti

(1) For C € Po(T, T), consider I := CR4|0,7 € Pe(l, T).
(2) Match marginal distributions with a diffusion:
A = (X0, X7),
V(dA) = C(dxo, dx¢) = Mo, r(dxo, dxr),
LA (x, t) = HR(x, t) + Zr(t) Vi log reje(xe|x),
P?(X) = rtjo,7(x|xo, x1),
o, (X| X0, Xt )Mo, (X0, X7)

T[t(xt)

-~

J Vylog re|¢(xz|x) Tz (x| x)(dx7)

(dxo, dxz)

Hm(x, t) = Hr(x, t) + Zp(1) f Vi log reje(xe|xt)




DBM Transport ii

X ~ M associated to
dXi = Um(Xe, t)dt 4+ og(t)dW:,  t€]0, T],
HUm(x, t) = Ugr(x, t) + Xr(1) HI%Z[VXt log rrj¢( Xz Xe)| Xt = x],
Xo~T,

satisfies M; = ;.

Drift of M inferred via MSE regression based on samples from [T:

[[_EI[ZR(t) Vy, log rej¢(Xe| Xt)| Xt = x] = argminLppum(a, 1),

a(x,t)

Losu(a, M):= E _[o¢E[lla(Xe t) —Xp(t) Vx log ree(Xel Xo)lIP]].

t~U (0, T)

There is a corresponding backward BDBM transport (t « t:= T—t).



DBM Transport Example

R associated to dX; = 0dW; over [0, 1], with 0 > O.

T R(t) Vx, log rje(Xil Xe) = 222,

Same form for DBM (Mo =T, M =T1(I, T)) and BDBM (Mo =T, N =T1(7T,IN)):
En[Xi|Xe] — Xi
X = ——— ——dt+odW;, te[0,1],
Xo ~ Mo.

0 — Oresults in Rectified Flow (Liu et al., 2022; Liu, 2022): Ry 0,1 given by the
deterministic linear interpolant X; = (1— t)Xo + tXi, and um(x, t) = En[Xi — Xo| X4].
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Practical Implementation

Algorithm SGM training Algorithm BDBM training
Input: T, Ryjo, V) log rijo(y. x), ae(x, t) Input: T, T, Rto,7, Vy log rijo(y, x), de(x, t)
Output: agam(x, t) Output: agppm(x, t)

1: repeat 1: repeat

2 t~U(O, 1) 2. t~U(O, T)

3 Xo~T 3 Xo~T

4 4: Xe~T

5. Xt~ Ryo(-]Xo) 5. Xt ~ Ryo,7(+Xo, X7)

6. Y« Vx,log rtIO(Xt|XO) 6. Y« Vx,log I’t|o(Xt|Xo)

7. L« ”Yt 0(9 Xt, ” At 7 L — ”Yt ore Xt, H )\t

8: 0« sgdstep(6, L) 8. 6« sgdstep(6, L)

9: until convergence 9: until convergence




A Small Scale Result
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Iterated DBM

Algorithm IDBM

Algorithm |PF

Input: T, T, Re|0, 7, c9),n
Output: {l‘4(")}lf’:1
1. fori=1,...,ndo
2. N0« ﬂ(C(i_1), Rej0,7)
3. MO — m(nl))y
4 M
5: end for

Input: T, T, Rejo, N
Output: {F(")};’:1
fori=1,...,ndo
if i is even then

F) — r/_—.(li;) > forward IPF
else 4
F() — ’T‘F.(llj) > backward IPF
end if
end for




Considerations

Valid coupling at each step i.

No simulation-inference mismatch.

Initial coupling C(©) usually product measure.

Sampling C() is expensive, but samples can be reused to sample N0+) = CO) Ry g 7.
Each step i can be solved forward or backward in time, best to alternate.

Many implementation “details”.



Gaussian Experiment i

Ford >1,T = Ny(Ho, o), T = Ng(u1, 1), and Ris associated to dX; = adW; over
[0, 1], with 0 > 0.

Solution to (Ssta ), or Euclidean EOT:

35,1(r’ ’T‘I RI PC):NZO' ’ T ’
Hi rs(o) I

where ¥5(0) == (XoX + %4/)1/2 — %2/.
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Gaussian Experiment ii

Consider Gaussian coupling C € P,(I, T) parametrized by X c.
Then, Mo, ¢,1 is Gaussian and

E[)Glxt] = u1 + Z-[Iiht,‘lza;]t,t(xt - ut)’

with ¢ := (1— t)Uo + tU1, Ln.e1 == (1— t)Xc + t¥, and
Tnige = (1= t)°To + ?T + t(1— t)(Tc + T + 0%)).

DBM follows the Tl linear SDE dX; = (AtX¢ + by)dt + 0dW; with Gaussian transition
probabilities.

Then, Mo 1 is Gaussian parametrized by ¥ ¢/, corresponding to the update
Yc— Yo i= ZOP1T where P; solves the matrix-valued ODE

dPi = AtP:, te€][0,1],
Po = 1. 21



Gaussian Experiment iii
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An Initial Convergence Result

Assume:

(i) Dre(CO|SE ) < oo;
(ii)y foreach i = 1the Cameron-Martin-Girsanov theorem holds yielding
dMD/ds*;

(iii) or(t)=1.
Then:

() N0 -5 $* and MO -5 S* a5 i — oo

(i) Die(MO | $*) 2 Dr (MW || $*) = Dy (NUHD || S*) fori = 1;

(i) D (NM(C) || S*) = Dxe(M(C) || S*)ifand only if M(C) = M(C) = S*.

23



Conclusions

Theoretical developments largely incomplete.
Valid coupling at every step.

Ideally suited to simple reference dynamics, can in principle be extended to
complex reference dynamics.

BDBM almost plug-in to popular diffusion probabilistic models.
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Q&A
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