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Context

Given Γ,Υ two distributions on Rd , find a transport between them:

. static: realized by any random variable with prescribedmarginal distributions;

. dynamic: realized by any stochastic process with prescribed initial and terminal
distributions;

. optimal in some sense;

. assume samples from Γ andΥ are available.

Applications:

. generative modeling;

. domain transfer.
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SomeNotation

Pn: probabilitymeasures (PM)s overRd×n.

PC : PMs over C([0, τ],Rd).

P2(Γ,Υ): PMswith marginal distributions Γ,Υ; P2(Γ,Υ) ⊆ P2.

PC(Γ,Υ): PMswith initial-terminal distributions Γ,Υ; PC(Γ,Υ) ⊆ PC .

Pt1,...,tn : marginalization of P ∈ PC at t1, . . . , tn.

P•|t1,...,tn : conditioning of P ∈ PC given values at t1, . . . , tn.

p instead of P to denote its (Lebesgue) density.

Q = ΨP•|t1,...,tn : mixing of P ∈ PC viaΨ ∈ Pn at times t1, . . . , tn;Q ∈ PC .
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Schrödinger Bridge Problems

Dynamic Schrödinger bridge problem (Sdyn), reference R ∈ PC :

S∗(Γ,Υ,R,PC) := argmin
S∈PC(Γ,Υ)

DKL(S ‖ R).

Static Schrödinger bridge problem (Ssta), reference B ∈ P2:

S∗(Γ,Υ,B,P2) := argmin
C∈P2(Γ,Υ)

DKL(C ‖ B).

Half bridge problems, referenceQ ∈ P :

S∗(Γ, · ,Q,P) := argmin
H∈P(Γ, ·)

DKL(H ‖Q),

S∗( · ,Υ,Q,P) := argmin
H∈P( · ,Υ)

DKL(H ‖Q).
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Partial Solutions

(Ssta)→ (Sdyn): S∗(Γ,Υ,R,PC) = S∗(Γ,Υ,R0,τ,P2)R•|0,τ .

(Sdyn)→ (Ssta): S∗(Γ,Υ,R,P2) = S∗
0,τ

(Γ,Υ,R,PC).

Half bridge solutions: S∗(Γ, · ,Q,P) = ΓQ•|0 and S∗( · ,Υ,Q,P) = ΥQ•|τ .
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Reference SDE

R solution to
dXt = μR(Xt , t)dt + σR(t)dWt , t ∈ [0, τ],

X0 ∼ Γ.

R•|0,τ is a (0, x0, τ, xτ) diffusion bridge, solves

dXt = bR(Xt , t)dt + σR(t)dWt , t ∈ [0, τ],

bR(x , t) := μR(x , t) +ΣR(t)∇x log rτ|t(xτ |x),

X0 = x0,

ΣR(t) := σR(t)σR(t)T.
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IPFAlgorithm

F (0) = R = S∗(Γ, ·,R,PC), F (1) = S∗(·,Υ,F (0),PC), F (2) = S∗(Γ, ·,F (1),PC), . . .

Algorithm IPF
Input: Γ,Υ,R•|0,n
Output: {F (i)}n

i=1
F (0) ← ΓR•|0
for i = 1, . . . ,n do
if i is even then
F (i) ← ΓF

(i−1)
•|0 . forward IPF

else
F (i) ← ΥF

(i−1)
•|τ . backward IPF

end if
end for
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Diffusion Time Reversal

Let X ∼ P be the diffusion associated to

dXt = μ(Xt , t)dt + σR(t)dWt , t ∈ [0, τ],

X0 ∼ P0.

Under suitable conditions, the time reversed process X t := Xτ−t ∼ P is still a
diffusion process, associated to

dX t = υ(X t , t)dt + σR(r)dWt , t ∈ [0, τ],

υ(x , t) := −μ(x , r) +ΣR(r)∇x logpr(x),

X0 ∼ Pτ,

where r := τ − t (Anderson, 1982).
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Diffusion IPF

Introduced in Bortoli et al. (2021); Vargas et al. (2021).

Define backward F (i) on reverse timescale⇒ each F (i) = {Γ,Υ}F
(i−1)
•|0 .

All F (i) and F
(i)

are diffusions.

For each i ≥ 1, generate samples from F
(i−1)

(i.e. from F (i−1)) to infer the drift of F (i).
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Simulation-InferenceMismatch
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Score-based GenerativeModeling

See Ho et al. (2020); Song et al. (2021), and toomany others…

Employs ergodic (or vanishing SNR) X ∼ R = F (0).

Scalable score-matching (Hyvärinen, 2005; Vincent, 2011) to inferX ∼ F
(0)

:

∇x log rt(x) =
∇x
∫

rt|0(x |x0)r0(x0)(dx0)

rt(x)
=

∫

∇x log rt|0(x |x0)
rt|0(x |x0)r0(x0)

rt(x)
(dx0)

= E
R
[∇Xt log rt|0(Xt |X0)|Xt = x ].

Almost same as F (1) in diffusion IPF, for a trivial SB problem.
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DiffusionMixtureMatching

Let Xλ ∼ Pλ be a family of diffusions indexed by λ ∈ Λ, associated to

dXλ
t
= μλ(Xλ

t
, t)dt + σλ(t)dWλ

t
, t ∈ [0, τ],

Xλ
0
∼ Pλ

0
.

For a mixing PMΨ on Λ, letΠ ∈ PC be obtained by taking theΨ-mixture of Pλ over
λ ∈ Λ. Under suitable conditions, X ∼ P, with X0 ∼ Π0 associated to

dXt = μ(Xt , t)dt + σ(t)dWt , t ∈ [0, τ],

μ(x , t) :=

∫

μλ(x , t)ω(λ)dλ,

σ(t) :=

∫

σλ(t)ω(λ)dλ,

satisfies Pt = Πt , whereω(λ) :=
pλt (x)ψ(λ)
πt(x)

and πt :=
∫

pλ
t
(x)ψ(λ)dλ.
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DBMTransport i

(1) ForC ∈ P2(Γ,Υ), considerΠ := CR•|0,τ ∈ PC(Γ,Υ).

(2) Matchmarginal distributions with a diffusion:

λ = (x0, xτ),

Ψ(dλ) = C(dx0,dxτ) = Π0,τ(dx0,dxτ),

μλ(x , t) = μR(x , t) +ΣR(t)∇x log rτ|t(xτ |x),

pλ
t
(x) = rt|0,τ(x |x0, xτ),

μM(x , t) = μR(x , t) +ΣR(t)

∫

∇x log rτ|t(xτ |xt)
πt|0,τ(x |x0, xτ)π0,τ(x0, xτ)

πt(xt)
(dx0,dxτ)

︸ ︷︷ ︸

∫

∇x log rτ|t(xτ |x)πτ|t(xτ |x)(dxτ)
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DBMTransport ii

X ∼M associated to

dXt = μM(Xt , t)dt + σR(t)dWt , t ∈ [0, τ],

μM(x , t) = μR(x , t) +ΣR(t)E
Π
[∇Xt log rτ|t(Xτ |Xt)|Xt = x ],

X0 ∼ Γ,

satisfiesMt = Πt .

Drift ofM inferred via MSE regression based on samples fromΠ:

E
Π
[ΣR(t)∇Xt log rτ|t(Xτ |Xt)|Xt = x ] = argmin

α(x ,t)
LDBM(α,Π),

LDBM(α,Π) := E
t∼U(0,τ)

[ϱt E
Π
[‖α(Xt , t)− ΣR(t)∇Xt log rτ|t(Xτ |Xt)‖2]].

There is a corresponding backward BDBM transport (t ← r := τ − t).
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DBMTransport Example

R associated to dXt = σdWt over [0, 1], with σ ≥ 0.

ΣR(t)∇Xt log r1|t(X1|Xt) =
X1−Xt
1−t .

Same form for DBM (M0 = Γ,Π = Π(Γ,Υ)) and BDBM (M0 = Υ,Π = Π(Υ,Γ)):

dXt =
EΠ[X1|Xt]− Xt

1− t
dt + σdWt , t ∈ [0, 1],

X0 ∼M0.

σ→ 0 results in Rectified Flow (Liu et al., 2022; Liu, 2022): Rt|0,1 given by the
deterministic linear interpolant Xt = (1− t)X0 + tX1, and μM(x , t) = EΠ[X1 − X0|Xt].
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Practical Implementation

Algorithm SGM training

Input: Γ, Rt|0, ∇y log rt|0(y , x), αθ(x , t)
Output: αSGM(x , t)
1: repeat
2: t ∼ U(0, τ)
3: X0 ∼ Γ

4:

5: Xt ∼ Rt|0( · |X0)

6: Yt ← ∇Xt log rt|0(Xt |X0)

7: L←




Yt − αθ(Xt , t)






2
λt

8: θ← sgdstep(θ,L)
9: until convergence

Algorithm BDBM training

Input: Γ,Υ, Rt|0,τ , ∇y log rt|0(y , x), αθ(x , t)
Output: αBDBM(x , t)
1: repeat
2: t ∼ U(0, τ)
3: X0 ∼ Γ

4: Xτ ∼ Υ

5: Xt ∼ Rt|0,τ( · |X0,Xτ)
6: Yt ← ∇Xt log rt|0(Xt |X0)

7: L←




Yt − αθ(Xt , t)






2
λt

8: θ← sgdstep(θ,L)
9: until convergence
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ASmall Scale Result
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Iterated DBM

Algorithm IDBM

Input: Γ,Υ,R•|0,τ,C(0),n
Output: {M(i)}n

i=1
1: for i = 1, . . . ,n do
2: Π(i) ← Π(C(i−1),R•|0,τ)
3: M(i) ←M(Π(i))

4: C(i) ←M
(i)
0,τ

5: end for

Algorithm IPF
Input: Γ,Υ,R•|0,n
Output: {F (i)}n

i=1
F (0) ← ΓR•|0
for i = 1, . . . ,n do
if i is even then
F (i) ← ΓF

(i−1)
•|0 . forward IPF

else
F (i) ← ΥF

(i−1)
•|τ . backward IPF

end if
end for
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Considerations

Valid coupling at each step i .

No simulation-inferencemismatch.

Initial couplingC(0) usually product measure.

SamplingC(i) is expensive, but samples can be reused to sampleΠ(i+1) = C(i)Rt|0,τ .

Each step i can be solved forward or backward in time, best to alternate.

Many implementation “details”.
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Gaussian Experiment i

For d ≥ 1, Γ =Nd(μ0,Σ0),Υ =Nd(μ1,Σ1), and R is associated to dXt = σdWt over
[0, 1], with σ ≥ 0.

Solution to (Ssta), or Euclidean EOT:

S∗
0,1

(Γ,Υ,R,PC) =N2d









μ0

μ1



 ,





Σ0 ΣS(σ)

ΣS(σ)T Σ1







 ,

whereΣS(σ) := (Σ0Σ1 +
σ4

4 I)1/2 − σ2

2 I.
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Gaussian Experiment ii

Consider Gaussian couplingC ∈ P2(Γ,Υ) parametrized byΣC .

Then,Π0,t,1 is Gaussian and

E
Π
[X1|Xt] = μ1 +ΣT

Π;t,1
Σ−1
Π;t,t

(Xt − μt),

with μt := (1− t)μ0 + tμ1,ΣΠ;t,1 := (1− t)ΣC + tΣ1, and
ΣΠ;t,t := (1− t)2Σ0 + t2Σ1 + t(1− t)(ΣC +ΣT

C
+ σ2I).

DBM follows the TI linear SDE dXt = (AtXt + bt)dt + σdWt with Gaussian transition
probabilities.

Then,M0,1 is Gaussian parametrized byΣC′ , corresponding to the update
ΣC → ΣC′ := Σ0PT

1
where Pt solves the matrix-valued ODE

dPt = AtPt , t ∈ [0, 1],

P0 = I. 21



Gaussian Experiment iii

1 2 3 4 5

10- 8

10- 4

100

1 2 3 4 510- 4

10- 3

10- 2

10- 1

100

22



An Initial Convergence Result

Assume:

(i) DKL(C(0) ‖ S∗
0,τ

) <∞;

(ii) for each i ≥ 1 the Cameron-Martin-Girsanov theorem holds yielding
dM(i)/dS∗;

(iii) σR(t) = I .

Then:

(i) Π(i) L−→ S∗ andM(i) L−→ S∗ as i →∞;

(ii) DKL(Π
(i) ‖ S∗) ≥ DKL(M(i) ‖ S∗) ≥ DKL(Π

(i+1) ‖ S∗) for i ≥ 1;

(iii) DKL(Π(C) ‖ S∗) = DKL(M(C) ‖ S∗) if and only ifΠ(C) =M(C) = S∗.
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Conclusions

Theoretical developments largely incomplete.

Valid coupling at every step.

Ideally suited to simple reference dynamics, can in principle be extended to
complex reference dynamics.

BDBM almost plug-in to popular diffusion probabilistic models.

24



Q&A
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